Abstract. The present study deals with a finite element model for coupled bending-bending-torsion vibration analysis of a pretwisted Timoshenko beam with varying aerofoil cross-section. The element derived in this paper has two nodes, with seven degrees of freedom at each node. The nodal variables are transverse displacements, cross-section rotations and the shear angles in two planes and torsional displacement. The advantage of the present element is the exclusion of unnecessary derivatives of fundamental nodal variables, which were included to obtain invertable square matrix by other researchers, by choosing proper displacement functions and using relationship between cross-sectional rotation and the shear deformation. Element stiffness and mass matrices are developed from strain and kinetic energy expressions by assigning proper order polynomial expressions for cross-section properties and considering higher order coupling coefficients. The correctness of the present model is confirmed by the experimental results available in the literature. Comparison of the proposed model results with those in the literature indicates that a faster convergence is obtained. The results presented also provide some insights in the formulation by clearly indicating that higher order coupling terms have considerable influence on the natural frequencies.
Introduction
Coupled bending-bending-torsion vibrations in beams occur when the center of flexure does not coincide with its centroid, as in the pretwisted beam with aerofoil cross-section. Methods of solution of pretwisted beam coupled bending-bending-torsion vibrations problems are broadly classified into two categories [12] , viz. (a) continuum model approach which consists in solving the differential equations directly by approximate methods like Rayleigh-Ritz [2, 7] , Galerkin [13] , collocation [11] , transformation [10] , Reissner variational method [16, 17] , and (b) discrete model approach which employs finite difference [4, 5] , polynomial frequency equation method [12] , lumped parameters [6] and finite element [1, 8, 9, 14, 15] . The finite element method is the most versatile method for accurate prediction when the system is modeled prop-erly. Even with intensive development of finite element models to date, considerable differences exist between numerical and experimental results. The governing differential equations for coupled bending-bendingtorsion vibration have been derived and studied extensively for various idealized cases by Carnegie et al. [2] [3] [4] [5] 13] . Montoya [10] derived governing equations of motion for the same problem including shear center and higher order effects and solved these by the RungeKutta numerical integration method. In his treatment, an additional term appears in the bending moment and torsional moment equations due to torsion and bending, respectively. Some Timoshenko beam finite elements have been proposed in the literature [1, 8, 9] . Karadag [8, 9] employed an element having eighteen degrees of freedom. Nodal variables are bending and shear displacements with their first derivatives in two planes and torsional displacement. The shape functions are classical third degree polynomials. Abbas and Kamal [1] used an element with twenty-four degrees of freedom, comprising values of deflections and bend-ing slopes in two planes, axial displacement, torsional displacement, and their first derivatives at the nodes, assuming cubic polynomial expansions.
The purpose of this paper is to introduce a finite element model for coupled bending-bending-torsion vibration of a pretwisted Timoshenko beam model of a varying aerofoil cross section blade. The proposed model is based on; the Timoshenko beam finite element developed for straight untwisted beams, derived and proven by Thomas et al. [18] , coupled bendingbending-torsion moment equations derived by Montoya [10] and also partly on the blade energy expressions allowing for rotary inertia and shear deflection derived by Carnegie [3, 5] . The nodal variables in the present element are transverse displacements, cross section rotations and shear angles in two planes and torsional displacement. The transverse displacements are interpolated as cubic polynomial functions. Shear angles and torsional displacements are assumed to vary linearly. Cross section rotations are related with other parameters by Timoshenko shear angle expression [19, p. 745, Eq. (3)]. The coupled bending and torsional vibration problem in a pretwisted blade treated experimentally and solved numerically by Montoya [10] is selected to demonstrate the accuracy and convergence of the present model, and to clarify the influence of higher order coupling coefficients. Cross-section properties of the blade given by Montoya [10] at nine discrete cross-sections along the blade are expressed with proper order polynomial functions determined by curve fitting. Mass and stiffness matrices are evaluated by numerical integration.
Moment equations
When a pretwisted beam of asymmetrical aerofoil cross-section, as shown in Fig. 1 , is subjected to vibration movement, the motion consists of coupled bending-bending-torsion vibration and causes bending and torsional moments which are determined by the following expressions [10] :
A list of notation is given in Appendix A. The area moments of inertia of the cross-section are related to the principal area moments of inertia by
where
Coefficients of coupling are given as follows [10] :
where (12) in which J T ξ , J T η and J T are given in Appendix B.
Strain energy
By using the approach given by reference [5, p. 277], considering the moments produce angular displacements and shear forces produce shear deflections, the strain energy of an element is found as follows:
The symbol " " used in Eqs (13) and (14) represents differentiation with respect to z. 
Kinetic energy
The overdot used in Eqs (16) to (20) is a compact notation for differentiation with respect to time.
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Finite element formulation
The element derived in this section, extending model in reference [18] , has two nodes, with seven degrees of freedom at each node. The nodal variables are transverse displacements, cross section rotations and shear angles in two planes and torsional displacement. The transverse displacements are interpolated as cubic polynomial functions. Shear angles and torsional displacements are assumed to vary linearly.
Cross section rotations are given by Timoshenko [19, p. 745, (3)] as follows:
Hence, by using Eq. (25), nodal displacement vector can be written in the form
where 
The element displacement vector is related to the polynomial coefficient vector by
Now, substituting Eqs (26) and (31) into (13) gives
in which Table 2 Convergence and comparison of coupled bending-bending-torsion vibrations of a 250 MW turbine blade with aerofoil cross-section; blade properties are given in Table 1 Number of element Natural Frequency (Hz) (degrees of freedom)
First bending Second bending First torsion Third bending Fourth bending Second torsion Third torsion 2 (14) 83 
Dynamic equilibrium equation
Element stiffness and mass matrices derived in the previous section are assembled in the usual way with clamped-free boundary conditions to form the global matrices. In order to obtain the natural frequencies, dynamic equilibrium equation is reduced to eigenvalue problem given below,
The eigenvalue problem is then solved numerically.
Analysis and discussion
As an application example, the 250 MW turbine blade with aerofoil cross section, shown in Fig. 1 , analyzed experimentally by Montoya [10] is considered. Cross-section properties of the blade given in Table 1 at nine discrete cross-sections along the blade are expressed as eighth, seventh and sixth-order polynomial functions determined by curve fitting. The polynomial functions are carefully checked by calculating the coefficients of determination [20, p. 445, eq.(17.10) ], also by inspecting the plots of functions and the data. The coefficients of determination of eighth-order polynomial functions are equal to unity, i.e. they fully satisfy the data at discrete points. The r 2 values for J Gη expressed as seventh-order, ξ T and η T expressed as sixthorder are 0.998, 0.9963 and 0.9987 respectively. The coefficients of these functions are given in Table 4 in the Appendix C. Also, some relationships are derived to transfer these data from centroid to shear center considering the co-ordinate systems shown in Fig. 2 and are given in the Appendix B. Convergence study results of present model for the first seven natural frequencies, experimental and calculated results reported by Montoya [10] and other finite element model results [1, 8, 9] are given in Table 2 . Mass and stiffness matrices are calculated by Gauss-Legendre integration in Matlab. Table 2 shows that the present results obtained by employing considerably less degrees of freedom converge rapidly, and are in good agreement with the experimental results. In order to clarify the effects of higher order coupling coefficients on the natural frequencies, analysis is fulfilled ignoring these coefficients. The latter results are given in Table 3 to compare with the experimental and other results. It is clear from Table 3 that these coefficients are quite influential on natural frequencies.
Conclusions
The finite element model derived in this paper is found to be appropriate for coupled bending-bendingtorsion vibration analysis of varying aerofoil crosssectional pretwisted beam having any form of pretwist. The results obtained by using a quite modest number of degrees of freedom give good accuracy when compared with the experimental and other investigator's results. Also, neglecting the coefficient of coupling leads to erroneous results.
